Density functional theory (DFT) calculations have been used to study the nature of intrinsic defects in the hexagonal polymorph of barium titanate. Defect formation energies are derived for multiple charge states and due consideration is given to finite-size effects (elastic and 
I. INTRODUCTION
The perovskite, barium titanate, receives considerable attention for its electrical properties which include ferroelectricity, piezoelectricity and a high dielectric constant [1] [2] [3] . Such properties mean that it plays a major role in numerous technological applications including multi-layer capacitors and positive temperature coefficient (PTC) thermistors. It is not only the cubic close packed perovskite structure (c-BaTiO 3 ) that displays useful properties; the high temperature (> 1425 ˚C) hexagonal polymorph (h-BaTiO 3 ) also displays interesting and potentially useful electrical properties depending upon the temperature [4] [5] [6] and chemical dopants present 7 . In addition to these electrical properties, semiconductivity can also be induced in undoped hBaTiO 3 as a result of partial reduction of Ti 4+ to Ti 3+ ions when samples are prepared at high temperature under inert or reducing conditions 8, 9 . Through partial re-oxidation of these samples, 'colossal' permittivity effects can be achieved 8 . Samples prepared in this way also result in oxygen deficiency; both experiment and simulation have confirmed that the oxygen loss occurs solely at face sharing (O1) sites [9] [10] [11] , see Fig. 1 (a) . Such intrinsic defects are crucial in controlling the electrical properties in this semiconducting material as illustrated by recent publications by Natsui et al 12, 13 on the diffusion behaviour of oxygen in h-BaTiO 3 . As is the case with the other polymorphs of BaTiO 3 , the main focus of research on h-BaTiO 3 is on doping and in particular, on transition metal doping 14, 15 .
While there exists a significant number of DFT studies completed on c-BaTiO 3 16-19 , there are very few DFT studies (or indeed simulation studies) on the hexagonal polymorph. Colson et al 11 , however, did complete calculations on both the c-and h-polymorphs and obtained good agreement with experimental structures as well as simulating Ru-doping of the h-polymorph at multiple concentrations. Furthermore, defect formation energies have been derived for intrinsic 3 mono-and di-vacancies using DFT for c-BaTiO 3 17 , although unlike in this work, the oxygen chemical potential was established by calculating the total energy of the oxygen dimer directly, whereas ideal gas relations were used for our calculations of the oxygen chemical potential (see
Sec. II B)
. To the best of our knowledge no other in-depth study of intrinsic defect thermodynamics in h-BaTiO 3 exists.
In this work, the Zhang-Northrup formalism 20 is used to establish defect formation energies. In this formalism, the defect formation energy is defined as the difference between the Gibbs free energies of the defective and perfect cell with regard to specific chemical potentials and the contribution of electrons being added and removed. One drawback of zero-temperature DFT calculations is the exclusion of entropic and pressure/volume contributions to the Gibbs free energy of each particle. While this is a minor factor for solids as these contributions are small, it does present a significant issue for calculations on gaseous particles where such contributions are much larger. This problem can be corrected through the use of ideal gas physics in a method described by Finnis et al 21 and employed more recently for the calculation of defect formation energies for alumina 22 . Through the use of this method, chemical potentials for atomic species, namely oxygen in our case, can be made more accurate thorugh the combination of DFT calculations and standard thermodynamics as well as being defined for a specific temperature and oxygen partial pressure. The Gibbs free energy of a solid can be accurately determined by using the ground-state total energy obtained from DFT calculations. In the following section, we describe the computational approach and methods used to derive the formation energies and concentrations of the defects as well as the corrections involved. In 
II. METHODOLOGY

A. Computational details
All calculations in this work were performed using the Vienna Ab initio simulation package (VASP) 23 with the local density approximation (LDA) 24, 25 and projector augmented-wave method 26.27 . The LDA was chosen to provide consistency with results previously obtained for the cubic polymorph of BaTiO 3 17 . For greater accuracy, the 3s and 3p electrons of the Ti atoms were included in the valence electrons for all calculations. Defect formation energies were calculated using the h-BaTiO 3 30 atom unit cell as well as 60 (2 X 1 X 1) and 120 (2 X 2 X 1) atom supercells. A full description of the finite-size extrapolation procedure is given in Sec. II C. A Γ-point centred 4 X 4 X 3 k-point mesh was used for Brillouin zone integration for the 30 and 60 atom cells and a 3 X 3 X 2 mesh for the 120 atom cells. A plane wave cutoff energy of 500 eV 5 was applied for all defect calculations. In the case of charged defects, a neutralizing background charge was used to preserve cell neutrality.
B. Defect calculations
Using the Zhang-Northrup formalism 20 , the formation energy ( ) of a defect in charge state From the calculation of defect formation energies, the concentration of that defect in equilibrium at a particular temperature can be obtained 28 : - While it is acceptable to use T = 0 K total energy calculations to define thermodynamic boundaries for solids, the chemical potential of gaseous oxygen has a far stronger dependence upon temperature and pressure. Furthermore, the choice of functional and pseudopotentials in calculating results in significant error due to the inaccuracies of DFT in simulating the oxygen dimer as discussed by Hine et al 22 .
In this work, a method developed by Finnis et al 21 is
7 used to avoid calculating directly from DFT calculations. By using the experimental formation energy of BaTiO 3 and T = 0 K total energy calculations for Ba and Ti, the oxygen chemical potential at standard pressure and temperature, , can be determined without the need for direct calculation. Through the use of ideal gas relations and , the oxygen chemical potential can be derived for a specific temperature and pressure, .
The reliability of this approach has been confirmed by comparison to thermodynamic data 29 . The value of for a specific temperature and pressure is obtained from the ideal gas expression and formula for an ideal gas of rigid dumbbells: -
The temperature contribution is represented by: -where is the molecular entropy of oxygen gas (0.0021 eV/K) and is its constant pressure heat capacity (7 /2); both values are taken from Ref. 30 .
For most of the results reported here, a temperature of 1698 K and an oxygen partial pressure of 1 atm have been used to calculate in accordance with the experimental polymorphic phase transition conditions of c-to h-BaTiO 3 .
(6)
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C. Finite-size corrections
One disadvantage of these types of DFT calculation is the spurious defect-defect interactions that occur between periodic images, with the magnitude being very much dependent on the charge of the defect and the size and shape of the supercell 31, 32 . Elastic interactions are the main source of error for neutral defects. These interactions scale inversely to supercell volume, L 
D. Band gap corrections
Another shortcoming of DFT calculations is the underestimation of the band gap 35 . To account for this problem, we use the same approach that was used by Erhart 
III. RESULTS AND DISCUSSION
A. Bulk properties
To define thermodynamic boundaries (as described in Sec. II B) the bulk properties of hBaTiO 3 and its constituent elements/compounds in their standard states must be calculated. All (9) 10 bulk property calculations were completed using a Γ-point centred 13 X 13 X 13 k-point mesh and
were fully converged to an accuracy greater than 1 meV per unit cell.
A lattice constant of 4.77 Å and a total energy of -2.24 eV/atom was calculated for bcc cubic Ba; these values agree reasonably well with the experimental equivalents of 5.03 Å 37 and a cohesive energy of -1.90 eV 38 . Ti has a hcp structure with calculated lattice constants of a = 2.86 and Ba1) and bonds have been omitted for clarity.
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The introduction of a face-sharing O1 vacancy ( Fig. 1(b) ) to the system causes the neighbouring O1 atoms to relax inwards, while the neighbouring Ti2 atoms move away from the newly formed 2+ charged site towards the layers of O2 atoms to accommodate the loss of attraction from the loss of the O1 atom. As expected the opposite occurs for the Ti2 vacancy ( Fig. 1(c) ): here O1 atoms are forced away from the 4-vacancy site, whereas the surrounding Ti and Ba atoms relax towards the vacancy site. Similar relaxations were observed in DFT calculations on vacancies in anatase TiO 2 45 . For the local relaxations are not as pronounced due to the reduced charge density of a large Ba atom compared to a Ti atom. However, there is a small movement of the nearest Ba2 and Ti2 atoms towards the vacancy site ( Fig. 1(d) ).
C. Formation energies
The results for the calculated defect formation energies for three different combinations of chemical potentials and with a Fermi level at the valence band maximum are presented in Table   I . For each vacancy type, the lowest energy vacancy (and hence most prominent) is plotted as a function of the Fermi level in Fig. 2 . The values in Fig. 2 The results for the formation energy of Ba vacancies suggest that for the majority of the band gap it is not the dominant species, either in metal-rich or O-rich conditions (although the magnitude of the formation energies is reasonable with respect to the other vacancy types). Fig. 2 shows that for only a small portion of the band gap (E F = ~1.6 to 2. (1)). Values relevant to the band gap correction (Eq. (9)) are given in the third column. The finite-size extrapolation error is given in the final column. 
D. Defect concentrations
Using the calculated defect formation energies at a specific combination of chemical potentials, the equilibrium defect concentrations can be calculated using Eq. 2. The concentrations of the most common defects at a range of temperatures in both Ba-and Tideficient environments are given in Fig. 3 . The concentrations are calculated at the Fermi level pinning energy (1.22 eV), this value represents the point at which the Fermi level of the material In Ti-deficient conditions, the V Ti2 -V O1 di-vacancy pair is the commonest metal defect in the system. The concentration of these di-vacancies proves that where possible metal vacancies will preferentially bind to oxygen vacancies to lower the internal energy of the crystal. This is also confirmed by a molecular dynamics study on doped BaTiO 3 , where diffusion of V O is inhibited by its Coulombic attraction to cation vacancies 54 . Mono-titanium vacancies are also present in significant concentrations, while other defects are only present in far smaller concentrations.
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These results have been confirmed by experiment and thermodynamics calculations for both the cubic and hexagonal polymorphs of BaTiO 3 55,56 . Lee et al 55 showed using XRD and by studying the phase transition temperature variation with respect to the Ba/Ti ratio that a greater solubility limit exists under Ba-rich (Ti-deficient) conditions than previously thought in addition to the already known solubility limit of the Ti-rich (Ba-deficient) side. This solubility in both Baand Ti-rich conditions suggests that both Ba and Ti metal vacancies are likely and that they will exist as partial-Schottky defects (V Ba -V O and V Ti -2V O ) in the system, a finding confirmed by thermodynamic theory 56 . 
